
=> p = YY = 4 = Y- PX

4= Y(x) - P(X) . X = Y(X(P)) - P(X(P)) -X(P)

conversely, If we know 4 = ↑(P) (= Y -PX)

dr = dY- d(PX) = dY- PdX- XdP
↓

Ex

=-- XdP = -XdP

= - x= C > x= x(p) -> P= P(X)

eliminate "D"

Y= N- PX = 4(P) - P . X(P)

= ↑(P(X)) - P(X) . X(P(X))

summary single variable case.

Y= Y(X) = > * =4(P)

P=
dY

T - -x=
d4

dX dP

4= - PX+Y = S
T= 4- (- X) . P

= XP+ 4

Eliminate X &Y Eliminate P&I

=+(P) = > Y=Y(X)



Y1
A. For multivariable case.

Y= Y (Xo . X. .

. -- Xt)
Y-4=di (0,4)

(,y-4

·x =X0
> X

=> Pr= dT= (dXo +(dx+ -- -

= PodXo +PdX ,+...* Y- PX

* =Y PaXk
= [PRX= PrX =Y

↓
Xk-0=Xk ↓

> dY

↑ =d= ]d(PrXk) = dY- PdX-XP .

I
= [PRX-PedX-XdPe .

-
XadP

Now divide each side by dPk
-

P-XRdP+
XRdPR

dPR
.

=- Xe + )-EXP
↳

= - Xk



Equivalence.

Y= T(X0 , X,
. . Xt) = > 4 = 4(Po , P, ... Pt)

-) knowing Y=Y(Xo , X , ,
. . . Xt)

> N = Y- [PRXk = Y(- -- Xk =)+ [PR(Xk) :XR
#

2) since PET Pr= PR(XR aY

GXk

=> XR= XR(PR)

Eliminate XR

=> 4 = Y) . . - XR(PR) = -) + Pa(Xk(Pm)) · XR(PR)
-

likewise , if knowing N= 4 (... Pr-) Y=Y- ·XR:)

* sub-space Legendre Transformation.

For multi-variable Legendre Transformation.

may be made w/ (n+2) D of the Full space

(t+2) D defined by Y=Y (X0
, X .

. . . Xt) (u<+)

(t+2) D .

sub-space Legendre Transformed function
Y = Yr (Po ,

P.... Pn , Xn+ - - - Xt)

n



in = Yr([Pr3 . <X; 3)

zo > 24
-

1) PRECYN -XREGT
2 Pr

P= -XR=
24

aPr

2) change of My (i .e.. dT+) is contributed from

SPaY & ( . . . Xj - >
kn n+ jxt

=> dY = dYr([Pr3) + dir([Xj3)

= GM.PR+ Xj

↓ ↓

- XR Pj

=- XadPr + EPjdXj
R=0 j=n+1

3) IT= (i)dXi= PidXi

= [PRdX+X]
4) DT - dir= PRdXk+ PjdXi--XdP +EXj=n+1

=PRXdP
=-d(PRXk)



5) Integration

JaY-(dT= fd(PRXk)
=>Y= Y+ PRXR

Lagrangian Mechanics.

Hamiltonian zu# of variables.

L= L (V., Pr. --- Vo ; 2, %-- Gr)
Y

su] [93
momentaP
(Generalized)

Tr = H = H(p, P..
- Pr; 1 ,

92 -- Gr)

EP319]

- H = L- - PRVR ↑

1

#= + v

3. Thermodynamic Potentials .

Y= Y(Xo, X , :Xt) U = UCS , V, N , N.)

Po ,

P,, -- T. -P , M.

sub-space Legendre Transformation.
Y =Tr (Po. X, ,-- Xt) UF= UF(T,

V, N - - -)



* Helmholtz potential

T =UIT]


